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Abstract The Density-Functional Theory (DFT) description of equilibria in both
the externally closed and open molecules, controlled by the system overall number
of electrons N or the system/reservoir chemical potential µ, respectively, is used to
explore within the Born–Oppenheimer approximation the compliance constants reflec-
ting the coupling between molecular electronic and geometric degrees-of-freedom.
The ground-state interaction between the electronic and geometrical parameters-of-
state in both the externally closed and open molecular systems is explored within
the so-called geometrical representations, which use the explicit dependence of the
Legendre-transforms of the system Born–Oppenheimer potential-energy-surface on
the Cartesian (R) or internal (Q) nuclear positions or their energy conjugates, the forces
FR or FQ acting on nuclei. The principal second derivatives of the system electronic
energy with respect to both the electronic and nuclear state-variables in the canonical,
say, (N , Q) representation define the system generalized, electronic-nuclear Hessian
matrix, including the electronic hardness and geometric force constants as diagonal
blocks, as well as the nuclear Fukui function indices determining the coupling bet-
ween these two aspects of the molecular structure. Its partial or complete inversion
subsequently determines the associated compliant matrices in alternative Legendre-
transformed representations, in which these principal state-variables have been partly
or totally replaced by their respective energy conjugates. Specific coupling-constant
descriptors measuring the interplay between molecular electronic and nuclear state-
parameters in the geometrically rigid or relaxed systems, are identified and discus-
sed. Their numerical values resulting from the standard ab initio calculations (HF,
CISD, MP2), with the N -derivatives estimated by finite differences, are compared
and discussed for several representative molecules. The minimum-energy coordinates
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are introduced and discussed within such a combined electronic-nuclear treatment of
molecular systems. Other compliant descriptors of the molecule as a whole, generated
within the complementary Electron Following (EF) and Electron Preceding (EP) pers-
pectives on the system global equilibrium, are also reported for illustrative molecules.
These compliant quantities are advocated as reactivity criteria, since they directly
reflect the system electronic (or geometric) conditions required for the molecule to
undergo specific nuclear (or electronic) displacements responsible for the chemical
reaction of interest.

Keywords Born-Oppenheimer approximation · Electronic-geometric Hessian ·
Closed systems · Compliant approach · Geometric representation of molecular
states · Molecular equilibria · Open systems · Minimum-energy coordinates ·
Reactivity criteria · Structure relaxation in molecules · Theory of electronic structure ·
Thermodynamic potentials

1 Introduction

The atomic units are used throughout the paper; in the adopted notation P denotes the
square (or rectangular) matrix, P stands for the row or column vector and P represents
a scalar quantity. The internal degrees-of-freedom of molecular systems have either
electronic or nuclear (geometric) origins. For example, in the Born–Oppenheimer (BO)
approximation the equilibrium (ground) state of the externally closed molecule is spe-
cified by the system overall number of electrons N (integer) and the external potential
v(r; R) = −∑

α Zα/|r − Rα| ≡ v(r) due to the nuclei located at the parametrically
specified locations R = {Rα, α = 1, 2, . . . , m} or—alternatively—the nuclear posi-
tions themselves. Together they uniquely identify the system (Coulombic) Hamiltonian
Ĥ(N, v) = Ĥ(N, R) and hence the electronic energy E[N, v] = 〈�[N, v]|Ĥ(N, v)|
�[N, v]〉 = E(N, R), where �[N, v] denotes the system ground-state wave function.
Accordingly, the equilibrium state of an externally open molecule, in contact with the
electron reservoir which controls the system chemical potential µ = ∂E[N, v]/∂N ,
is uniquely defined by µ and R [1–7]. In chemistry the mutual interaction between
the electronic and geometric (nuclear) structures of molecular or reactive systems
plays a vital role in diagnosing the behavior of molecules in different environments.
Therefore, designing the adequate measures of this interaction and exploring its struc-
tural manifestations constitute a challenging problem in theoretical chemistry [12].
Such coupling rules constitute an important part of the chemical reactivity theory
[1–17] and the structural rules reflecting the interplay between the charge transfer (CT)
and geometries of molecular subsystems in the Donor–Acceptor (DA) complexes. For
example, the familiar Gutmann rules [18] and their semiquantitative extension pro-
vided by the mapping relations [3,7,9–13] and the Minimum-Energy-Coordinates
(MEC) [9–12] of the compliant approach [3,7,9–12], in the spirit of the related treat-
ment of nuclear vibrations [19,20], have been formulated within the Charge-Sensitivity
Analysis (CSA) of the molecular systems [3]. They allow one to diagnose the mole-
cular electronic and geometrical relaxations (responses) to hypothetical electronic or
nuclear displacements (perturbations).
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The recently proposed Legendre-transformed approach to molecular electronic-
geometrical structure [11,12] provides a versatile theoretical framework for descri-
bing diverse molecular states. It includes all relevant coupling terms between the
two aspects of the molecular structure and covers all admissible selections of state-
parameters specifying the equilibria in both the externally closed and open systems.
The overall number of electrons, N , and its energy-conjugate—the chemical potential,
µ, determine the electronic state-parameters in the externally closed and open mole-
cular systems, respectively, with the latter being coupled to a hypothetical electron
reservoir. This theoretical framework unites the so-called Electron-Following (EF)
and Electron-Preceding (EP) perspectives on molecular changes [3–7,11,12,21], in
the spirit of the BO approximation and the Hellmann–Feynman theorem, respecti-
vely. In the former the electron distribution responds to the geometrical (nuclear)
perturbation, i.e., to a change in the external potential v(r; R) or geometrical dis-
placement in nuclear positions R, while the latter implies the system geometrical
relaxation following a test displacement in the system electronic state-parameters.
Such generalized “polarizabilities” of molecules, e.g., those generated within CSA,
provide reliable reactivity criteria [1–12] in the Density-Functional Theory (DFT)
[1,22–24].

In the EF perspective of the standard BO approximation the external potential v(r)
due to the nuclei carries the information about the system geometry and constitutes the
independent local parameter of state. The (N, v) variables of the ground-state in the
closed molecular system thus constitute the natural set of independent state-variables
in the Schrödinger wave-function theory, since they uniquely define the electronic
Hamiltonian Ĥ(N, v). The other set of the global state variables, (µ, v), identifies
uniquely the ground state of the open molecule in contact with an external reservoir of
electrons. Therefore, in the EF perspective, in which the external potentials search for
their equilibrium (ground-state) electron densities, the electron distribution represents
the unconstrained (dependent) local state-variable of molecular systems: ρ = ρ[v].
In other words, the electrons “follow” the displacements of the system nuclei. This
selection of the dependent (ρ) and independent (v) local state-variables generates
the chemical-softness kernel σ(r, r ′) of the reactivity theory [1–13] and has been
classified as the chemical-softness representation of molecular states [4,12].

These roles of the local state-parameters are reversed in the EP perspective of DFT,
which can be also referred to as the chemical-hardness representation [4,12], since
it defines another key concept of the electronic-structure and reactivity theories—
the chemical-hardness kernel η(r, r ′), the inverse of σ(r, r ′). In the EP approach
the electron density is regarded as the controlling, independent parameter of state,
while the external potential responds to the specified redistribution of electrons, thus
representing a dependent (unconstrained) state variable: v = v[ρ]. In other words,
in this reverse perspective the electron densities search for the matching external
potentials. The shifts in the electron distribution create conditions for (precede) the
movements of nuclei, in the spirit of the Hellmann–Feynman theorem. This way of
approaching molecular changes is quite common in the chemical reactivity theory.
Indeed, chemists often envisage the key manipulation of the system electronic structure
as the primary cause of the desired reconstruction of the molecular geometry, e.g.,
breaking/forming bonds in the molecule.
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One requires both these representations to tackle all issues in the theory of electronic
structure of molecules and their chemical reactivity. The wave-function and density-
functional formulations of the quantum theory of the electronic structure of molecu-
lar systems thus emerge as the complementary descriptions, which together provide
theoretical framework of the “complete” theory of chemical reactivity. The emer-
gence of the modern DFT has provided the hitherto missing theoretical framework
of the EP perspective and generated new approaches to many classical problems in
chemistry. It offers an alternative point of view, from which one can approach the
diverse physical/chemical properties and processes involving atomic, molecular and
reactive systems. This novel perspective is much in the spirit of the Sanderson’s [25]
electronegativity-equalization description of to the equilibrium distribution of elec-
trons in molecular systems.

It is the main purpose of the present work to examine numerical values of coupling
constants and MEC components identified in the previous conceptual/qualitative ana-
lysis [12]. These quantities will be generated within both the EF and EP perspectives
using the standard quantum-mechanical ab initio calculations for several representa-
tive molecular systems. The reactivity implications of these derivative descriptors of
the interaction between the electronic and geometric aspects of the molecular structure
will be subsequently examined. Indeed, such coupling indices measure the effect of the
hypothetical displacements in the state-parameters of one (independent, perturbation)
side of the system structure on the state-variables describing the other (dependent, res-
ponse) facet. We begin this analysis with a survey of the basic concepts and relations
of the generalized compliant description of molecular systems, which simultaneously
involves the electronic and nuclear degrees-of-freedom. This short summary opens
with a brief interpretation of the important reactivity indices, viz., the electronic Fukui
function (FF) [1–3,26–28] and its nuclear analog [2–8,11,12,29], as examples of the
electronic–geometric coupling quantities.

2 Electronic and nuclear Fukui functions as coupling indices

The global state-variables N and µ and the local value of the electron density ρ(r) are
all electronic in character, while the row vector of Cartesian coordinates of nuclear
positions R = {Rα} = {Xk} or their (negative) energy conjugates—the row vector of
components of Cartesian forces acting on nuclei,

FR = {Fα = −(∂W [N, v(R)]/∂ Rα)T} ≡ −[∂W(N, R)/∂ R]T,

W(N, R)=E(N, R) + Vnn(R), Vnn(R)=
∑

α

∑

β>α
ZαZβ/|Rβ − Rα|,

(1)

and the external potential v(r) due to the nuclei in their specified positions, des-
cribe the complementary, geometric aspect of the molecular structure. It should be
also observed that some important parameters of state exhibit a mixed, electronic-
and-nuclear origin. Consider, e.g., the relative external potential of the Euler equation
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for the equilibrium electron density ρ = ρ[N, v] in DFT [1,22],

u(r) ≡ v(r) − µ = −δF [ρ]
δρ(r)

, (2)

which results from the variational principle for the minimum of the density functio-
nal for the system electronic energy, Ev[ρ] = ∫v(r)ρ(r) d r + F [ρ], subject to the
constraint of the system prescribed number of electrons, N [ρ] = ∫ρ(r) d r = N0:

δ{Ev[ρ] − µN [ρ]} = 0. (3)

Here, the universal functional F [ρ] generates the sum of electronic kinetic and repul-
sion energies, while the system chemical potential plays the role of the Lagrange mul-
tiplier enforcing the global constraint. In the closed molecular system the ground-state
energy Ev[ρ[N, v]] = E[N, v] while in the open molecule Ev[ρ[µ, v]] = E[µ, v]
gives rise to the system grand potential 	[µ, υ] = E − Nµ.

The Hellmann–Feynman theorem identifies the ground-state electron density ρ(r)
as the energy-conjugate of the external potential:

ρ(r) =
(

∂E[N, v]
∂v(r)

)

N

=
(

∂	[µ, v]
∂v(r)

)

µ

. (4)

In DFT the Frontier-Electron theory of Fukui [14] has been given a more rigorous
foundation in terms of the related density-response index called the electronic Fukui
Function (FF) [1–3,26–28]:

f (r) =
(

∂ρ(r)
∂N

)

v

= ∂2E[N, v]
∂N∂v(r)

=
(

∂µ

∂v(r)

)

N

,

∫

f (r)d r = 1. (5)

It follows from the preceding equation that the electronic FF has a double physical
interpretation as the mixed second-derivative (Maxwell relation). On one hand, it
reflects the normalized response in the system electron density to a unit shift in the
system global average number of electrons; this derivative is calculated for the fixed
external potential, i.e., the rigid molecular geometry. On the other hand, it measures
the response in the system chemical potential per unit shift in the local value of the
external potential; this derivative is calculated for the system fixed number of electrons.
The latter interpretation shows that electronic FF reflects the closed-system coupling
between the molecular electronic (µ) and nuclear (v) state-variables.

The corresponding row-vector ϕR of the nuclear FF (NFF) [2–8,11,12,29] in
Cartesian coordinates:

ϕR(N, R)=
(

∂ FR(N, R)

∂N

)

R
= −

(
∂2W(N, R)]

∂N ∂ R

)T

= −
(

∂µ(N, R)

∂ R

)T

N

, (6)

has been introduced to “translate” a given �N displacement directly into the conju-
gate linear responses in the system ground-state forces on nuclei, �FR = �NϕR.
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Therefore, ϕR measure the normalized responses in the forces acting on the nuclei per
unit displacement in the global number of electrons. The cross-differentiation identity
also implies that this index can be alternatively interpreted as the response in the sys-
tem negative chemical potential (electronegativity) per unit displacements in nuclear
positions R, thus again coupling the electronic (dependent) global variable µ with
the (independent) coordinates determining the nuclear positions. In defining these FF
quantities we have introduced the so-called geometric representation of the molecular
ground-state in the externally closed molecule, (N, R), for the fixed identity (charges)
of the nuclei, in which the nuclear positions R replace the external potential v(R) in
the list of independent state-parameters. The corresponding set of state-variables in
the geometric representation of the open molecule reads (µ, R).

Therefore, both the electronic and nuclear FF represent the reactivity concepts,
which probe the coupling between the geometric and electronic structures of mole-
cules. In fact these two reactivity indices are mutually related through the chain-rule
transformation involving the geometric row-kernel G(r; R) = [∂v(r; R)/∂ R]T:

ϕR(N, R) = −
(

∂2W [N, v(R)]
∂N∂ R

)T

= −
(

∂2E[N, v(R)]
∂N∂ R

)T

= − ∂

∂N

∫ (
δE[N, v]

δv(r)

)

N

(
∂v(r; R)

∂ R

)T

d r

= −
∫

f (r)G(r; R) d r. (7)

It should be emphasized that both these reactivity indices belong to the same chemical-
softness representation, of the EF-perspective following the standard BO approach.
The electronic FF index depends on the electron-position argument and it discriminates
the reactivities of alternative local sites in the molecule with respect to the nucleo-
philic or electrophilic attack by an approaching agent. The nuclear (geometric) index
similarly establishes trends in the system geometry relaxation, which accompany the
given test displacement in the system global number of electrons. An alternative way
of probing the coupling between the electronic and nuclear degrees-of-freedom in
molecular systems is through their direct mapping relations [3,7,9–13] implied by the
ground-state Euler equation (2).

After this illustrative example we turn to a systematic review of derivative quantities
measuring the nuclear-electronic interaction in molecules and of the related compliant
analysis of molecular displacements.

3 Electronic-nuclear coupling constants in canonical geometric representation

The direct coupling relations between the electron density ρ(r) and nuclear coor-
dinates R in the principal representation defined by the total Born–Oppenheimer
potential W [N, v(R)] ≡ W(N, R) is obtained by replacing the implicit dependence
on R through the external potential v(r; R) by the explicit dependence on nuclear
coordinates. In order to facilitate a compact vector notation we arrange the nuclear
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coordinates R = {Rα} = {Xα,s}, where index α denotes the nucleus and s = (x, y, z)

labels its Cartesian coordinates, in the overall row-vector

R = [. . . , (Xα,x,Xα,y,Xα,z), (Xα+1,xXα+1,y, Xα+1,z), . . .]
= (. . . , Rα, Rα+1, . . .) = {Xk}. (8)

Alternatively the relevant set of internal nuclear coordinates Q = {Qs}, consisting of
bond lengths and angles, can be used to specify the molecular geometry:

W(N, R) ≡ W(N, Q) (9)

The corresponding components of the geometric gradient of the scalar field g(R) ≡
g( Q), will be similarly arranged in the corresponding row-vectors of partial
derivatives:

gR
′(R) = [∂g(R)/∂ R]T = {∂g/∂Xk} or

g Q
′( Q) = [∂g( Q)/∂ Q]T = {∂g/∂Qs}. (10)

For example, the force components along the internal coordinates generate the asso-
ciated gradient vector:

FQ(N, Q) = −∂W(N, Q)/∂ Q = {Fs}. (11)

Similarly, the NFF indices in the internal nuclear coordinates form the row-vector

ϕQ(N, Q)=
(

∂ FQ(N, Q)

∂N

)

Q
= −

(
∂2W(N, Q)

∂N∂ Q

)T

= −
(

∂µ(N, Q)

∂ Q

)T

N

. (12)

In the W(N, R) representation the row-vector of forces acting on the system nuclei
includes the contribution Fn(R) due to the repulsion between the system nuclei and
the G-transform of the electronic density:

FR(R) = −
(

∂W(N, R)

∂ R

)T

= −
(

∂Vnn(R)

∂ R

)T

−
∫ (

δE[N, v]
δv(r)

)

N

(
∂v(r; R)

∂ R

)T

d r ≡ Fn(R) −
∫

G(r; R)ρ(r) d r.

(13)

The geometric Hessian of the nuclear force-constants can be similarly expressed as
the sum of the relevant nuclear-repulsion term Hn and the full G-transform of the
linear-response function [1–3]:
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β(r, r ′) =
(

∂2E[N, v]
∂v(r)∂v(r ′)

)

N

=
(

∂ρ(r ′)
∂v(r)

)

N

, (14)

HR = ∂2W(N, R)

∂ R∂ R
= −∂ FR(N, R)

∂ R
= ∂2Vnn(R)

∂ R∂ R

+
∫∫ (

∂v(r; R)

∂ R

) (
δ2E[N, v]
δv(r)δv(r ′)

)

N

(
∂v(r ′; R)

∂ R

)T

d r d r ′

≡ Hn +
∫∫

GT(r; R)β(r, r ′)G(r ′; R) d r d r ′. (15)

The row-vector of the partial G-transform of the linear-response kernel,

B(r; R) ≡
∫

β(r, r ′)G(r ′; R) d r ′ =
(

∂ρ(r; R)

∂ R

)T

N

, (16)

measures the direct effect of nuclear displacements on electron density ρ(r) =
ρ[r; v(R)] ≡ ρ(r; R). It represents in the (N, R)-representation the nuclear (geo-
metric) equivalent of the “softness” kernel of Eq. 14, describing the externally closed
molecular system. A similar transformation of the electronic softness-kernel of an
externally open molecule,

σ(r, r ′)= −
(

∂2	[µ, v]
∂v(r)∂v(r ′)

)

µ

= −
(

∂ρ(r ′)
∂v(r)

)

µ

= − δ2	[u]
δu(r)δu(r ′)

= − δρ(r ′)
δu(r)

,

(17)

generates its nuclear analog (a row-vector):

S(r; R) ≡
∫

σ(r, r ′)G(r ′; R)d r ′ = −
(

∂ρ(r; R)

∂ R

)T

µ

. (18)

The independent displacements (�N,�R) (perturbations) of this principal
geometric representation give rise to the first differential of its thermodynamic
potential W(N, R):

dW(N, R) = (∂W/∂N)R�N + �R(∂W/∂ R)N = µ�N − �RFR
T

≡ µ�N −
∑

α

�Rα FT
α. (19)

Therefore, the generalized Hessian R transforming the perturbations (�N,�R) into
the linear-responses of the conjugate variables (�µ,−�FR),

(�µ,−�FR) ≡ � R = (�N,�R) R, (20)
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includes the following blocks:

R =
⎡

⎣

(
∂µ
∂N

)

R
−

(
∂ FR
∂N

)

R(
∂µ
∂ R

)

N
−

(
∂ FR
∂ R

)

N

⎤

⎦ ≡
[

N,N N,R

R,N R,R

]

=
[

η −ϕR
−ϕR

T HR

]

, (21)

where R denotes the combined electronic-nuclear gradient in Cartesian coordinates,
η stands for the rigid-geometry measure of the global hardness, the inverse of the
(rigid-geometry) global softness S,

η =
(

∂µ

∂N

)

v

=
(

∂µ

∂N

)

R
=

(
∂µ

∂N

)

Q
= S−1, (22)

and ϕR combines the NFF of Eq. 6. The matrix transformation (20) summarizes the
two ground-state relations:

�µ = �Nη − �RϕR
T and − �FR = −�NϕR + �RHR. (23)

The corresponding relations for the internal coordinates in the geometric represen-
tation W(N, Q) read:

dW(N, Q) = �N(∂W/∂N)Q + � Q(∂W/∂ Q)N = �Nµ − � Q FQ
T

≡ �Nµ −
∑

s

�QsFs; (24)

(�µ,−�FQ) ≡ � Q = (�N,� Q) Q, (25)

Q =
⎡

⎢
⎣

(
∂µ
∂N

)

Q
−

(
∂ FQ
∂N

)

Q
(

∂µ
∂ Q

)

N
−

(
∂ FQ
∂ Q

)

N

⎤

⎥
⎦ ≡

[
N,N N, Q

Q,N Q, Q

]

=
[

η −ϕQ
−ϕQ

T H Q

]

, (26)

�µ = �Nη − � QϕQ
T and − �FQ = −�NϕQ + � QH Q . (27)

where Q = (µ,−FQ) stands for the combined electronic-nuclear gradient in the
internal-coordinate representation.

Since the numerical calculations will be carried out in the internal coordinates, in
the remaining part of this survey we shall use these geometric state-parameters and the
associated principal derivatives FQ ≡ F, ϕQ ≡ ϕ and H Q = −(∂ FQ/∂ Q)N ≡ H
in the Legendre-transformed development of the next section.
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4 Legendre-transformed representations

The inverse of determines the geometric compliance matrix [3,7,9–12,19,20] des-
cribing the open system in the (µ, FQ)-representation. The relevant thermodynamic
potential is defined by the Legendre transform of the system total Born–Oppenheimer
potential, which replaces the state-parameters (N, Q) with their energy conjugates
(µ, F), respectively:

�(µ, F) = W − N(∂W/∂N)Q − Q(∂W/∂ Q)N = W − Nµ + Q FT, (28)

d� = −Ndµ + Qd FT or − N = (∂�/∂µ)F and Q = (∂�/∂ F)T
µ. (29)

Setting F = 0 then identifies properties for the equilibrium (relaxed) molecular geo-
metry. The compliance matrix

= −1 =
⎡

⎢
⎣

−
(

∂N
∂µ

)

F

(
∂ Q
∂µ

)

F

− (
∂N
∂ F

)
µ

(
∂ Q
∂ F

)

µ

⎤

⎥
⎦ ≡

[
µ,µ µ,F

F,µ F,F

]

, (30)

relates displacements of the representation independent variables (�µ,�F) with the
conjugate responses (−�N,� Q):

(−�N,� Q) = (�µ,�F) . (31)

It summarizes the individual responses in the system (negative) average number of
electrons and its geometry:

− �N = �µ µ,µ + �F F,µ, � Q = �µ µ,F + �F F,F . (32)

A reference to Eq. 30 shows that the diagonal element µ,µ represents the relaxed-
geometry analog of the negative global softness of Eq. 22, with the latter being defined
for the rigid molecular geometry. It follows from the second of Eq. 32 that a change
in the open system chemical potential induces an extra relaxation of the molecular
frame. This geometric “softness” is measured by derivatives of the row-vector µ,F =
{ µ,s} = T

F,µ ≡ = { s}.
One can express the compliance matrix in terms of the elements of the principal

charge sensitivities defining the generalized electronic-nuclear “hardness” matrix
of Eq. 26, by eliminating �N and � Q from Eq. 27:

−�N= − �µ(η − B)−1+�FH−1ϕT(η − B)−1, B=ϕH−1ϕT;
� Q=�µϕH−1C−�FH−1Cη, C=(ηI − ϕTϕH−1)−1,

(33)

or in the combined, matrix form of Eq. 31:
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=
⎡

⎣
−

(
∂N
∂µ

)

F
= −(η − B)−1 ≡ −Srel

(
∂ Q
∂µ

)

F
= ϕH−1C ≡

− (
∂N
∂ F

)
µ

= H−1ϕT(η − B)−1 = T
(

∂ Q
∂ F

)

µ
= −H−1Cη ≡ Grel

⎤

⎦ , (34)

where Srel = (ηrel)−1 stands for the geometrically relaxed softness, inverse of the
relaxed hardness, and Grel denotes the electronically relaxed geometrical compliant
matrix, which differs from its closed-system analog G = −H−1 = (∂ Q/∂ F)N .

Let us now turn to the mixed (N, F)-representation for closed molecular systems.
The relevant thermodynamic potential is defined by the Legendre transformation of
W(N, Q) which replaces Q by F in the list of the parameters of state:


(N, F) = W − Q(∂W/∂ Q)N = W + Q FT, d
 = µdN + Qd FT; (35)

µ = (∂
/∂N)F and Q = (∂
/∂ F)T
N. (36)

Eliminating �µ from the first equation (32) and inserting it into the second equa-
tion (32) then gives the following transformation of the representation independent
displacements (�N,�F) into the linear responses of their conjugates (�µ,� Q),

(�µ,� Q) = (�N,�F) , (37)

expressed in terms of the principal compliance coefficients of Eq. 30:

=
⎡

⎣

(
∂µ
∂N

)

F

(
∂ Q
∂N

)

F(
∂µ
∂ F

)

N

(
∂ Q
∂ F

)

N

⎤

⎦ ≡
[

N,N N,F

F,N F,F

]

=
⎡

⎣
− −1

µ,µ − µ,F
−1
µ,µ

− F,µ
−1
µ,µ F,F − F,µ µ,F

−1
µ,µ

⎤

⎦ . (38)

Again, a comparison with Eq. (26) indicates that the diagonal element N,N repre-
sents the molecular hardness for the relaxed geometry of the molecule, a companion
parameter for the rigid-geometry hardness of Eq. 22.

The two partial relations combined in Eq. (37),

�µ = �N N,N + �F F,N and � Q = �N N,F + �F F,F, (39)

again imply that there is an additional geometry relaxation due to the finite external
CT between the molecule and the electron reservoir, besides the usual term due to
the forces acting on the system nuclei for constant N . This extra relaxation of the
molecular frame is described by the coupling blocks N,F = T

F,N .
The blocks of can be also directly expressed in terms of the principal geometric

derivatives defining the generalized Hessian of Eq. 26. This can be accomplished by
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first expressing � Q as function of �N and �F, using the second equation (27), and
then inserting this resulting relation into the first equation (27):

�µ = �N(η − B) + �FH−1ϕT and � Q = �NϕH−1 − �FH−1. (40)

A comparison between Eqs. (39) and (40) then gives:

=
⎡

⎣

(
∂µ
∂N

)

F
= (η − B) = ηrel

(
∂ Q
∂N

)

F
= ϕH−1 ≡

(
∂µ
∂ F

)

N
= H−1ϕT ≡ T

(
∂ Q
∂ F

)

N
= −H−1 ≡ G

⎤

⎦ , (41)

where the row-vector = { s} groups the so called Geometric FF (GFF) indices.
Finally, let us examine the (µ, Q)-representation of an open molecular system.

The relevant Legendre transform of the total electronic energy, which replaces N by
µ in the list of independent state-parameters, defines the following thermodynamic
potential:

�(µ, Q) = W − N(∂W/∂N)Q = W − Nµ, dΞ = −Ndµ − F dQT; (42)

− N = (∂�/∂µ)Q and − F = (∂�/∂ Q)T
µ. (43)

Eliminating dF from the second equation (32) and inserting the result into the first
of these two equations give the following transformation of the representation inde-
pendent perturbations (�µ,� Q) into the linear responses of their conjugates
(−�N,−�F), expressed in terms of the matrix elements of the compliance matrix

of Eq. 30:

(−�N,−�F) = (�µ,� Q) , (44)

=
⎡

⎣
−

(
∂N
∂µ

)

Q
−

(
∂ F
∂µ

)

Q

−
(

∂N
∂ Q

)

µ
−

(
∂ F
∂ Q

)

µ

⎤

⎦ ≡
[

µ,µ µ, Q

Q,µ Q, Q

]

=
[

µ,µ − µ,F
−1
F,F F,µ µ,F

−1
F,F−1

F,F F,µ − −1
F,F

]

. (45)

The above matrix transformation combines the following partial relations:

− �N = �µ µ,µ + � Q Q,µ and − �F = �µ µ, Q + � Q Q, Q . (46)

The elements of this mapping-relation, from the combined electronic–geometric
perturbation (�µ,� Q) of an open molecular system into the linear responses in their
�-conjugates (−�N,−�F), can be also expressed in terms of the generalized
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“hardness matrix of Eq. 26, by eliminating �N from the first equation (27) and by
subsequent insertion of the resulting expression into the second of these equations:

−�N = −�µη−1 − � Q ϕTη−1 ≡ −�µS − � Q T,

−�F = −�µ + � Q(H − ϕTS ϕ) = −�µ + � Q(H − ϕT ). (47)

Here S is the electronic rigid-geometry measure of the system global softness (Eq. 22)
and the row-vector of the geometric “softnesses” is defined as product of the global
softness and NFF vector of Eq. 12:

= Sϕ = (∂ F/∂µ)Q = (∂N/∂ Q)T
µ = (∂ F/∂N)Q/(∂µ/∂N)Q

= { s ≡ (Fs)µ} (48)

A reference to the second equation (47) shows that the effective geometrical Hessian
of an open molecular system differs from that for the closed system (Eq. 26) by the
CT-contribution involving the geometrical softnesses and NFF. Finally, one identifies
the corresponding blocks of by comparing the general relations of Eq. 46 with the
explicit transformations of Eq. 47:

=
⎡

⎣
−

(
∂N
∂µ

)

Q
= −S −

(
∂ F
∂µ

)

Q
= −

−
(

∂N
∂ Q

)

µ
= − T −

(
∂ F
∂ Q

)

µ
= H − ϕT ≡ Hrel

⎤

⎦ , (49)

where Hrel denotes the electronically relaxed geometrical Hessian, which differs from
its closed-system analog H = −(∂ F/∂ Q)N .

To summarize, the -matrix involves the negative rigid-geometry electronic soft-
ness as diagonal element associated with the electronic state-variable µ, the
off-diagonal elements defined by the geometric softnesses, and the open-system (elec-
tronically relaxed) geometrical Hessian, which differs from the closed-system (elec-
tronically rigid) Hessian H by the LeChâtelier–Braun [30] softening contribution:

ϕT = ϕTSϕ = −(∂µ/∂ Q)N(∂ F/∂µ)Q = (∂N/∂ Q)µ(∂ F/∂N)Q

= (∂ F/∂ Q)µ − (∂ F/∂ Q)N . (50)

5 Compliance constants and minimum-energy coordinates

In the compliance perspective on nuclear displacements the inverse of the nuclear
force-constant matrix H, defined in the purely geometric Q-representation (for constant
N ),

H = ∂2W(N, Q)

∂ Q ∂ Q
=

{

Hs,s′ = ∂W(N, Q)

∂Qs ∂Qs′
= −

(
∂Fs′

∂Qs

)

Qt �=s

}

, (51)
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determines the purely geometric compliance matrix [19,20] of the “reverse” purely
geometric F-representation:

G = ∂2
(N, F)

∂ F ∂ F
= −H−1 =

{

Gs,s′ =
(

∂2
(N, F)

∂Fs ∂Fs′

)

=
(

∂Qs′

∂Fs

)

Ft �=s

}

. (52)

Here 
(N, F) = W + Q FT (Eq. 35) stands for the Legendre-transform of the total
potential-energy surface W(N, Q), in which the nuclear-position coordinates Q =
{Qs} are replaced by the corresponding forces F = {Fs} in the list of parameters of
state. Indeed, for the fixed number of electrons N ,

[d
(N, F)]N = QdFT and [∂2
(N, F)/∂Fs∂Fs′ ]N = (∂Qs′/∂Fs)N,F′ .

(53)

The constraint of F′ = {Ft �=s = 0} in these derivatives implies that the remaining part
of the nuclear frame is free to relax the atomic positions until the forces associated
with the remaining geometrical degrees of freedom vanish, thus marking the minimum
of the system energy with respect to {Qt �=s}.

In this section, we shall discuss several concepts of the compliant description of
the combined electronic-nuclear degrees-of-freedom of molecular systems [3,7,9–
12]. This development is in spirit of the earlier minimum-energy derivatives, for the
vanishing forces acting on nuclei, which determine the compliance approach to nuclear
motions [19,20].

There are two types of geometrical constraints, which can be imposed on the
molecule: that of the rigid geometry Q and the condition of the vanishing forces
F = 0 giving rise to the equilibrium positions of the system nuclei. The latter descrip-
tion amounts to the compliant formalism of nuclear motions [3,9–12,19,20], in which
one allows the system to relax all its remaining (electronic and/or nuclear) degrees-of-
freedom in response to the probing displacements in the system number of electrons
or positions of its constituent atoms. The 
(N, F) and �(µ, F) representations cor-
respond to such a nuclear-compliant treatment of the molecular geometrical structure,
while the W(N, Q) and �(µ, Q) representations adopt the rigid-geometry approach.
The Legendre-transformed approach to geometric representations of molecular states
provides the complete set of quantities, which can be used to monitor or index the elec-
tronic geometric couplings in molecular systems in both these approaches, covering
the externally open and externally closed molecular systems.

Several geometrical quantities introduced in this section provide natural descrip-
tors measuring a coupling between the molecular electronic and geometrical struc-
tures. In the canonical geometrical representation W(N, Q) the diagonal blocks of the
generalized Hessian (Eq. 26), measuring the system rigid-geometry hardness η and
force-constants H, describe the decoupled aspects of the electronic and geometric
structures, respectively. As we have already observed above, the NFF ϕ, defining the
off-diagonal blocks in , reflects the coupling between the electronic and nuclear
aspects of the molecular structure. They describe the influence of geometrical displa-
cements in the closed-system on the molecular chemical potential, or the effect of an
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external CT on the forces on nuclei. As we have indicated in Eq. 48 the geometrical
softnesses = { α} reflect similar couplings in the externally open molecular sys-
tems. It should be stressed, however, that in the geometric compliance matrix of
Eq. 30 the interaction between these two facets of molecular structure also enters the
diagonal blocks, as explicitly shown in Eqs. 33 and 34.

A similar effect of the system electronic or nuclear “softening”, due to its opening
relative to a reservoir or a relaxation of its geometry, is seen in the diagonal blocks
of the partial compliant matrices and (see Eqs. 41, 45, and 49). This sponta-
neous relaxation of the system electronic-nuclear structure reflects the LeChâtelier–
Braun principle of “moderation” in the ordinary thermodynamics [30]. Indeed, the
extra electronic relaxation δN(� Q) induced by the primary nuclear perturbation
� Q in the externally open system, in which a spontaneous CT between the mole-
cule and its reservoir is allowed, effectively lowers the increases in the magnitude
of forces on the system nuclei, compared to those in the externally closed system:
[|�F(� Q)|]N > [|�F(� Q)|]µ (see Eq. 50). The indirect effect of the spontaneous
geometry relaxation δ Q(�N) induced by the primary electronic perturbation �N

similarly lowers the increase in the system chemical potential, compared to that in the
rigid system: [�µ(�N)]Q > [�µ(�N)]F=0.

It should be also realized that the generalized softness matrix of Eqs. 30 and 34
also represents the compliant description of the electronic “coordinate” N coupled to
the system geometric relaxations. Indeed, the relaxed-geometry global softness of the
geometrical representation,

− µ,µ = (∂N/∂µ)F = (η − B)−1 = (η − ϕH−1ϕT)−1 ≡ Srel

≡ (ηrel)−1 > η−1 = S = (∂N/∂µ)Q > 0, (54)

where the last inequality states the familiar LeChâtelier stability requirement, differs
from the conventional definition of the electronic global softness S (Eq. 22), which
invokes the rigid-geometry constraint. The geometric-hardness contributionB in Eq. 54
effectively softens the electronic distribution via the relaxation of nuclei, reflected by
the negative purely geometric compliant H−1, and the “weighting” factors provided
by the NFF ϕ reflecting the relative geometric softnesses of the molecule. The other
diagonal block of the generalized geometrical compliants, which contains the electron-
nuclear couplings,

F,F = (∂ Q/∂ F)µ = −H−1Cη = −H−1(ηI − ϕTϕH−1)−1η �= −H−1 = F,F,

(55)

is also seen to differ from the purely geometrical compliant F,F by the additional
factor exhibiting both the electronic and nuclear origins. The mixture of the electronic
and nuclear inputs is also seen to determine the off-diagonal blocks µ,F and F,µ

of the geometric compliant matrix, respectively measuring the effect of the chemical
potential on the relaxed nuclear positions ( µ,F) or the influence of the forces on the
effective charge of an open molecule coupled to the external electron reservoir ( F,µ).
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Let us now examine the compliance descriptors of the externally closed system,
within the 
(N, F) representation, defined by the corresponding blocks of the geo-
metric charge-sensitivities (Eq. 38). Again, the first diagonal derivative in this
matrix, N,N = (∂µ/∂N)F = η − B allows the geometry of the system to relax,
after an addition/removal of an electron, until the forces on nuclei exactly vanish:
F = 0. The electronic–geometric interaction is also detected in the coupling blocks

N,F = (∂ Q/∂N)F and F,N = (∂µ/∂ F)N . A reference to Eq. 41 indicates, that
they are determined by the purely nuclear compliants F,F = −H−1 and NFF.

The electronic-nuclear coupling in molecules is also detected in the other partial
Legendre-transformed representation, �(µ, Q), which defines the combined Hessian

of Eq. 45. Its first diagonal derivative,

µ,µ = −(∂N/∂µ)Q = −(∂N/∂µ)v = −S, (56)

represents the purely electronic, global compliant reflecting the negative softness of
the rigid system. As shown in Eq. 49, the off-diagonal blocks µ, Q = −(∂ F/∂µ)Q
and Q,µ = −(∂N/∂ Q)µ, represent the geometric softnesses of Eq. 48. For the rigid
nuclear frame they thus measure the effect of the system chemical potential on forces
on nuclei ( µ, Q) or the influence of nuclear displacements on the effective charge
of an open molecule. Since in this representation the molecular system is coupled to
an external reservoir, one detects in the geometrical Hessian of this representation the
contribution due to external CT triggered by nuclear displacements:

Q, Q = −(∂ F/∂ Q)µ = H − ϕT = H − ϕTSϕ �= H = −(∂ F/∂ Q)N . (57)

Therefore, this block contains the electronically relaxed force constants in the internal
coordinate representation.

The ratio of the matrix elements in sth row of G (Eq. 52), Gs = {Gs,s′ , s′ =
1, 2, . . .}, to the diagonal element Gs,s determines kth vector of nuclear (geometric)
interaction-constants [19]:

(s′)s=Gs,s′/Gs,s=
(

∂Qs′

∂Fs

)

Ft �=s

(
∂Qs

∂Fs

)−1

Ft �=s

=
(

∂Qs′

∂Qs

)

Ft �=s

, s′=1, 2, . . . (58)

These indices describe the minimum-energy responses, for F′
s = {Fs′ �=s = 0}, of the

remaining nuclear-position variables {Qs′ �=s} per unit displacement of sth nuclear
coordinate. They thus determine the sth (nuclear) MEC [19,20]. This compliant
concept can be used to predict the equilibrium responses of the system geometric
structure to a given displacement (perturbation) of the selected sth nuclear coordinate,
�Qs , from the initial, equilibrium geometry of the molecule, which accounts for all
couplings between the nuclear-position coordinates:

dQ(�Qs)

∣
∣
∣F′

s=0 = {(s′)s�Qs}. (59)
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Similar concepts can be introduced in the combined electron-nuclear treatment of
the geometric representation of the molecular structure [3,7,9–12]. Consider, e.g.,
the generalized interaction constants defined by the electronic-nuclear softness matrix

of Eq. 30. The ratios of the matrix elements in µ,F = { µ,s′ } to µ,µ define
the following interaction constants between the nuclear coordinates and the system
average number of electrons:

(s′)N = µ,s′/ µ,µ = (∂Qs′/∂µ)F=0/(∂N/∂µ)F=0 = (∂Qs′/∂N)F=0 ≡ N,s′ .

(60a)

They reflect the minimum-energy responses of the system geometrical coordinates to
unit displacement in the system number of electrons. The GFF vector (see Eq. 41)

= {(s′)N } = (∂ Q/∂N)F=0 = N,F = (∂µ/∂ F)T
N = T

F,N

= (∂ Q/∂µ)F=0/(∂N/∂µ)F=0 = /Srel (60b)

can be thus interpreted as an alternative set the NFF indices, which diagnose the
normalized effect of changing the oxidation-state of the molecular system as a whole on
its geometry. These indices define the following minimum energy coordinate grouping
responses in nuclear coordinates due to a finite inflow/outflow of electrons, �N �= 0:

dQ(�N)|F=0 = �N . (61)

It should be realized at this point (see Eq. 48) that NFF of Eq. 12 can be also interpre-
ted as the MEC reflecting the rigid-geometry response in forces per unit displacement
in the system number of electrons:

ϕ = {(Fs)N } = (∂ F/∂N)Q = − N, Q = −(∂µ/∂ Q)T
N = − T

Q,N

= (∂ F/∂µ)Q/(∂N/∂µ)Q = /S. (60c)

As also indicated in Eq. 48 the geometric softnesses also represent the rigid-geometry
interaction between forces F and the system chemical potential. The remaining inter-
action constants defined in this representation are given by the ratios

(N)s,µ = − µ,s/ s,s = (∂N/∂Qs)µ,F′
s=0 and

(s′)s,µ = s,s′/ s,s = (∂Qs′/∂Qs)µ,F′
s=0. (62)

In the open molecule, coupled to an external electron reservoir, which fixes the system
chemical potential, they combine the minimum-energy responses in the system number
of electrons and the remaining nuclear coordinates, to a unit displacement of Qs . The
associated minimum-energy coordinates,

dN(�Qs)

∣
∣
∣µ,F′

s=0 = {(N)s,µ�Qs} and dQ(�Qs)

∣
∣
∣µ,F′

s=0 = {(s′)s,µ�Qs},
(63)
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add to a variety of descriptors of the electronic and geometric structures of molecular
systems. The (N)s,µ coupling constants can be used to probe trends in the chemical
oxidation/reduction of the open molecule, which follows a given geometrical defor-
mation of the molecule. These probing displacements allow one to identify nuclear
changes, which are most effective in bringing about this electronic transformation of
the molecule. The other set {(s′)s,µ} tests geometrical consequences of a hypothe-
tical nuclear-position perturbation of the molecule, thus facilitating a search for the
most effective geometric manipulation of the molecular system in question, which is
required to bring about the desired change in the system geometry.

The partial-compliant matrix (Eq. 38) of the 
(N, F)-representation defines
analogous interaction constants for the N -controlled (externally closed) molecules:

(s′)µ = N,s′/ N,N = (∂Qs′/∂N)F=0/(∂µ/∂N)F=0 = (∂Qs′/∂µ)F=0

= µ,s′ = s′ , (64)

where { N,s′ } = N,F , and

(µ)s,N = s,N/ s,s = (∂µ/∂Fs)N/(∂Qs/∂Fs)N = (∂µ/∂Qs)N,F′
s=0 and

(s′)s,N = s′,s/ s,s = (∂Qs′/∂Fs)N,F′
s=0/(∂Qs/∂Fs)N,F′

s=0

= (∂Qs′/∂Qs)N,F′
s=0,

(65)

with { s,N } = F,N . The corresponding minimum-energy coordinates

dQ(�µ) |F=0 = {(s′)µ�µ}, dµ(�Qs)

∣
∣
∣N,F′

s=0 = {(µ)s,N�Qs},
dQ(�Qs)

∣
∣
∣F′

s=0 = {(s′)s,N�Qs}, (66)

reflect the equilibrium responses in the system chemical potential and geometrical
coordinates due to finite shifts in the system chemical potential or selected geometrical
coordinates, respectively.

Finally, in the �(µ, Q) representation, in which the generalized partial compliant
matrix is defined, one obtains the following coupling constants:

(Fs′)N = µ,s′/ µ,µ = (∂Fs′/∂µ)Q/(∂N/∂µ)Q = (∂Fs′/∂N)Q = ϕs′ , (67)

(N)Fs,µ = s,µ/ s,s = (∂N/∂Qs)µ/(∂Fs/∂Qs)µ = (∂N/∂Fs)µ,Q′
s
,

(Fs′)Fs,µ = s′,s/ s,s = (∂Fs′/∂Qs)µ,Q′
s
/(∂Fs/∂Qs)µ,Q′

s
= (∂Fs′/∂Fs)µ,Q′

s
.

(68)
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These interaction constants determine the associated minimum-energy trajectories in
the force-space:

dF(�N)
∣
∣Q = {(Fs)N�N},

dN(�Fs)

∣
∣
∣µ,Q′

s
= {(N)Fs,µ�Fs} and d F(�Fs)

∣
∣
∣µ,Q′

s
= {(Fs′)Fs,µ�Fs}.

(69)

6 Illustrative calculations

The present application of the joint electronic-nuclear analysis of the generalized sen-
sitivities to external perturbations has been carried out for a selection of polyatomics,
H2O, H2O2, NO2, ClF3, and formamide, shown in Fig. 1.

These illustrative molecular systems exhibit a variety of internal geometric degrees-
of-freedom, bond lengths and angles, which are also specified in the figure. The

Fig. 1 The internal coordinates in five representative molecular systems (see Table 1 for their equilibrium
values) and the Mulliken net-charges of bonded atoms (from HF calculations). The last diagram defines
the dihedral angles in formamide, relative to the NCO plane, determining the out-of-plane displacements
of the cis (Hc), trans (Ht) and formyl (Hf ) hydrogens, respectively
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Table 1 Comparison of the predicted and experimental equilibrium geometries for molecules of Fig. 1

Molecule Coordinate Theoretical method Exp.

(Fig. 1) HF MP2 CISD

H2O R = R′ 1.782 1.820 1.812 1.811

α 107.1 105.3 105.6 104.5

H2O2 R1 2.634 2.782 2.725 2.787

R2 = R′
2 1.788 1.835 1.816 1.795

α = α′ 102.6 98.9 100.6 100

δa 116.6 121.4 118.7 119.1

NO2 R = R′ 2.200 2.300 2.249 2.262

α 136.2 133.7 134.9 134.0

ClF3 R1 2.982 3.101 3.041 3.020

R2 = R′
2 3.179 3.299 3.226 3.209

α = α′ 86.5 87.3 86.6 87.5

δa 180.0 180.0 180.0 180.0

NH2CHO R1 2.547 2.578 2.562 2.551

R2 2.258 2.321 2.292 2.287

R3 2.062 2.077 2.067 2.060

R4 1.880 1.905 1.892 1.892

R5 1.875 1.901 1.888 1.892

α1 124.8 124.5 124.6 124.7

α2 113.1 112.8 113.0 112.7

α3 119.3 118.4 119.0 118.5

α4 121.4 120.5 121.0 120.0

δa
1 0.0 1.7 0.9 0.0

δa
2 0.0 8.4 5.2 0.0

δa
3 0.0 9.9 6.3 0.0

a Dihedral angle

standard Hartree–Fock (HF) and Configuration–Interaction (CI) MO theories of the
electronic structure of molecular systems have been used in numerical calculations
(GAUSSIAN software [31]). The former neglects the Coulombic electron-correlation,
which is approximately included in the latter. The two variants of the CI approach inclu-
ding the single (S) and double (D) excitations from the HF ground-state configuration
have been used: the variational (CISD) scheme and the perturbational (Møller-Plessett,
MP2) method. The extended 6-31++G** basis set of Gaussian orbitals, including the
split-valence, diffuse and polarization functions, has been used to represent MO. All
reported results correspond to the method ground-state equilibrium geometries in the
adopted basis set, which are reported in Table 1 with the bond-lengths measured in
atomic units and angles in degrees. In all derivative properties of next section the
angles will be measured in radians.
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The analytical forces and elements of the geometrical Hessian have been determined
in all numerical calculations, while the finite difference estimates of the correspon-
ding N -derivatives have been used in the combined electronic-nuclear Hessian. The
NFF have been calculated for both the electron-accepting (�N = +1) and electron-
donating (�N = −1) processes, when the system acts as a Lewis acid and base,
respectively, relative to the attacking nucleophilic and electrophilic agents. The Mul-
liken scheme for the neutral system approached by the radical agent, of the unbiased
N -derivative given by the arithmetic average of these two estimates, has also been
examined. The global hardness, which measures the curvature of the ground-state
Born–Oppenheimer potential along the N -coordinate, have been similarly estima-
ted by interpolating the energies for the set of hypothetical electronic displacements
�N = (−1, 0,+1).

7 Results and discussion

7.1 H2O

In Table 2 we have compared the second derivatives of the four electronic thermo-
dynamical potentials for water molecule, which define the corresponding electronic-
nuclear Hessians in the alternative Legendre-transformed representations of Sects. 3
and 4. They give rise to the molecular compliants and elements of the MEC reported in
Table 3, where some of the compliants of Table 2 have also been repeated to facilitate
the comparison. These quantities reflect the effects of both the electronical and nuclear
relaxations of the molecular system, due to its opening relative to the external electron
reservoir and the equilibrium adjustments in its geometry, in response to the primary
perturbations defining the derivative.

We first observe that, in accordance with the LeChâtelier–Braun principle (Eq. 54),
the averaged (third entry) geometrically relaxed estimate of the system electronic
softness Srel is slightly larger than the rigid-geometry measure S. Accordingly, the
averaged estimate of the geoemetrically-relaxed electronic hardness measure ηrel is
lower than the familiar rigid-geometry value η. These effects differ in the electron-
withdrawing (first entry) and electron-addition (second entry) processes, with the
former giving rise to a slightly harder distribution of electrons. This should be intuiti-
vely expected, since removal of electrons generates a slightly more contracted, harder,
less polarizable distribution of electrons, due to less screened nuclei, thus creating a
relatively higher response in the system chemical potential, compared to that expected
for the electron-inflow process, with better screened nuclei.

A comparison between numerical results for different quantum mechanical methods
reveals that the simplest HF approximation already generates realistic estimates of all
these coupling derivatives, in semiquantitative agreement with the more refined MP2
and CISD data. It follows from the geometrically rigid hardnesses of Table 2 that in the
HF theory the electrons appear to be somewhat “softer” that in the electronically cor-
related theories; the same trend is exhibited by the geometrically relaxed hardnesses.
Obviously, the opposite trend is reflected by their “inverses”, measuring the corres-
ponding electronic softnesses. This difference can be attributed to an, on average,
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Table 2 Elements of the electronic-nuclear Hessians in four alternative Legendre-transformed represen-
tations of equilibrium states in water molecule (see Fig. 1 for the definition of the internal coordinates and
Table 1 for the equilibrium geometries)

Repres. Derivative HF MP2 CISD

(N, Q) HN,N = η 0.448 0.496 0.485
−HN,Q = : ϕR −0.044, 0.007, −0.018 −0.037, 0.011, −0.013 −0.041, 0.009, −0.016

ϕα −0.017, −0.008, −0.012 −0.015, −0.007, −0.011 −0.015, −0.077, −0.011
HQ,Q = H: HR,R 0.636 0.557 0.573

HR,R’ − −0.010 −0.008
HR,α 0.028 0.031 0.030
Hα,α 0.170 0.157 0.162

(µ, Q) −Gµ,µ = S 2.231 2.018 2.063
−Gµ,Q = s: sR −0.097, 0.016, −0.040 −0.074, 0.022, −0.026 −0.085, 0.019, −0.033

s −0.037, −0.018, −0.028 −0.031, −0.014, −0.023 −0.031, −0.015, −0.023
GQ,Q ≡ Hrel: GR,R 0.632, 0.636, 0.636 0.554, 0.557, 0.557 0.569, 0.573, 0.572

GR,R’ −0.011, −0.007, −0.007 −0.014, −0.011, −0.011 −0.011, −0.008, −0.008
GR, 0.026, 0.028, 0.027 0.029, 0.031, 0.030 0.029, 0.030, 0.030
G , 0.169, 0.170, 0.170 0.157, 0.157, 0.157 0.162, 0.162, 0.162

(N, F) VN,N ≡ηrel 0.441, 0.448, 0.446 0.490, 0.495, 0.494 0.478, 0.484, 0.483
VN,F = f: fR −0.066, 0.014, −0.026 −0.063, 0.023, −0.020 −0.069, 0.019, −0.025

f −0.077, −0.052, −0.064 −0.074, −0.053, −0.063 −0.067, −0.051, −0.059
VF,F = G: GR,R −1.583 −1.817 −1.764

GR,R’ −0.028 −0.056 −0.041
GR,α 0.265 0.364 0.336
Gα,α −5.975 −6.512 −6.290

(µ, F) −Sµ,µ ≡ Srel 2.267, 2.234, 2.240 2.041, 2.021, 2.023 2.092, 2.067, 2.070
Sµ,F ≡ R −0.149, 0.031, −0.058 −0.129, 0.046, −0.041 −0.145, 0.040, −0.052

α −0.174, −0.115, −0.144 −0.150, −0.107, −0.128 −0.141, −0.105, −0.122
SF,F ≡ Grel: SR,R −1.593, −1.584, −1.585 −1.825, −1.818, −1.817 −1.774, −1.765, −1.766

SR,R’ −0.037, −0.028, −0.029 −0.064, −0.057, −0.057 −0.051, −0.042, −0.042
SR,α 0.254, 0.267, 0.262 0.355, 0.367, 0.362 0.326, 0.338, 0.333
Sα,α −5.988, −5.981, −5.984 −6.523, −6.518, −6.520 −6.299, −6.295, −6.297

0.006

The triple-valued entries report the results obtained for the finite-difference NFF obtained using the
�N = −1, �N = +1 displacements, and the arithmetic average of these two estimates, respectively

smaller electron repulsion in the correlated approaches, which makes the electronic
“gas” relatively less polarizable (“harder”) in character. Alternatively, the following
screening argument can be put forward to physically justify this observation: in the
correlated approaches the valence electrons effectively see a somewhat less screened
nuclei, thus giving rise to a more compact “harder” electron distribution. Indeed, the
global hardness represents a response in the system chemical potential per unit dis-
placement in the number of electrons. Thus, in the correlated approach this response
can be expected to be lower, due to a better avoidance by the valence electrons of
assuming nearby instantaneous positions.

Next, let us compare in Table 2 the corresponding elements of the geometric Hes-
sians H and Hrel, grouping the force constants for the closed and open (electronically
relaxed) water molecule, respectively. One again detects a slight manifestation of the
LeChâtelier–Braun principle in the diagonal elements, 0 < Gs,s ≤ Hs,s , although
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Table 3 Representative compliance constants and MEC, relaxed electronically and/or geometrically, for
H2O (see Table 2 for the description of triple-entries)

Repres. Derivative HF MP2 CISD

F (R’)R 0.017 0.031 0.023
(α)R −0.168 −0.201 −0.190
(R)α −0.044 −0.056 −0.053

(µ, Q) (FR)N = ϕR −0.044, 0.007, −0.018 −0.037, 0.011, −0.013 −0.041, 0.009, −0.016
(Fα)N = ϕα −0.017, −0.008, −0.012 −0.015, −0.007, −0.011 −0.015, −0.007, −0.011
(FR)µ = sR −0.097, 0.016, −0.040 −0.074, 0.022, −0.026 −0.085, 0.019, −0.033
(Fα)µ = s −0.037, −0.018, −0.028 −0.031, −0.014, −0.023 −0.031, −0.015, −0.023

µ,)(
RFN 0.154, −0.025, 0.064 0.134, −0.039, 0.047 0.149, −0.034, 0.057

µα ,)( FN 0.221, 0.105, 0.163 0.199, 0.089, 0.144 0.192, 0.090, 0.141

µ,' )(
RFRF −0.017, −0.010, −0.011 −0.025, −0.020, −0.021 −0.019, −0.014, −0.014

µα ,)(
RFF 0.042, 0.044, 0.043 0.053, 0.055, 0.054 0.051, 0.053, 0.052

µα ,)( FRF 0.156, 0.166, 0.162 0.188, 0.196, 0.193 0.179, 0.187, 0.184

(N, F) (R)µ = R −0.149, 0.031, −0.058 −0.129, 0.046, −0.041 −0.145, 0.040, −0.052
(α)µ = α −0.174, −0.115, −0.144 −0.150, −0.107, −0.128 −0.141, −0.105, −0.122
(µ)R,N 0.016 0.011 0.014
(µ)α,N 0.011 0.010 0.009
(R’)R,N 0.017 0.031 0.023
(α)R,N −0.168 −0.201 −0.190
(R)α,N −0.044 −0.056 −0.053

(µ, F) (R)N = fR −0.066, 0.014, −0.026 −0.063, 0.023, −0.020 −0.069, 0.019, −0.025
(α)N = f −0.077, −0.052, −0.064 −0.074, −0.053, −0.063 −0.067, −0.051, −0.059
(N)R,µ −0.093, 0.019, −0.037 −0.071, 0.025, −0.022 −0.081, 0.022, −0.029
(N)α,µ −0.029, −0.019, −0.024 −0.023, −0.016, −0.020 −0.022, −0.017, −0.019
(R’)R,µ 0.023, 0.018, 0.018 0.035, 0.032, 0.031 0.029, 0.024, 0.024
(α)R,µ −0.159, −0.168, −0.165 −0.194, −0.202, −0.199 −0.184, −0.191, −0.188
(R)α,µ −0.042, −0.045, −0.044 −0.054, −0.056, −0.055 −0.052, −0.054, −0.053

the effect of the system electronic opening is seen to create only a minor “softe-
ning” effect on the system electronic hardness, compared to that generated by the
geometry-relaxation. The positive character of the diagonal elements reflects the sta-
bility (LeChâtelier) requirement. Again, the HF approximation generates quite satis-
factory account of these geometric couplings in the molecule, as reflected by the MP2
and CISD results, with the diagonal force constants exhibiting the largest deviations
at both the closed- and open-system levels.

The geometric softnesses of the (µ, Q)-representation (see Eqs. 48 and 49) and
the alternative FF indices, NFF (ϕ) in the canonical (N, Q)-representation (Eqs. 12
and 26) or GFF ( ) of the (N, F)-representation (Eqs. 41 and 60b), provide additional
indices of the electronic-nuclear coupling in the externally open or closed molecules.
It follows from Table 2 that the signs of the given NFF index and the corresponding
softness component are the same. Indeed, the former represents the scaled version of
the latter (see Eq. 60b,c), with the relevant global hardness (positive) providing the
scalling factor, so that these two sets of coupling quantities carry the same physical

123



348 J Math Chem (2008) 44:325–364

description of molecular responses. As explicitly indicated in Table 3, the and ϕ

vectors represent the force compliants in the open and closed molecular systems,
respectively.

The moderating exchange of electrons between the molecule and its hypotheti-
cal electron reservoir determines the effects of the electronic-nuclear coupling in
open molecular systems. Let us assume the initial electronic and geometric equili-
brium in such an initially open system: µ0 = µres. and F0 = 0. The relevant stabi-
lity (LeChâtelier) criteria of these two (decoupled) facets of the molecular structure
require that the conjugate “forces” �µ(�N) or {�Fs(�Qs)} created by the primary
electronic (�N > 0) or nuclear {�Qs > 0} displacements, �µ(�N) = η�N and
�Fs(�Qs) = −Hs,s�Qs , will subsequently trigger the directly coupled, sponta-
neous responses of the system, δN(�N) and δQs(�Qs), which act in the direction
to restore the initial equilibrium. Therefore, the latter must diminish the forces crea-
ted by the primary displacement, when the hypothetical internal and external barriers
effecting the displacements are lifted, δµ[δN(�N)] = ηδN(�N) = −�µ(�N) =
−η�N and δFs[δQs(�Qs)] = −Hs,sδQs(�Qs) = −�Fs(�Qs) = Hs,s�Qs , or
δN(�N) = −�N and δQs(�Qs) = −�Qs . This is assured by the positive cha-
racter of the electronic hardness and the diagonal nuclear force constants, η > 0 and
Hs,s > 0, since then �µ(�N) > 0 implies δN(�N) < 0, while −�Fs(�Qs) > 0
gives rise to δQs(�Qs) < 0.

However, due to electron-nuclear coupling in molecules a given displacement in
one aspect of the molecular structure creates forces in the complementary aspect:
�µ(�Qs) = −ϕs�Qs and �Fs(�N) = ϕs�N . They trigger the indirectly coupled,
spontaneous relaxations δN(�Qs) and δQs(�N), which also act towards diminishing
the directly coupled forces�µ(�N) < 0 and�Fs(�Qs) > 0 (the LeChâtelier–Braun
principle): δµ[δN(�Qs)] = ϕs�Qs > 0 and δFs[δQs(�N)] = −ϕs�N < 0.
Hence, these indirectly induced electronic and/or nuclear relaxations must exhibit the
opposite signs with respect to the corresponding NFF indices.

These effects of the electronic and/or nuclear relaxations are quantified in terms
of the MEC listed in Table 3, where the F-representation data reflect the interaction
between the geometrical degrees-of-freedom in the absence of any electronic-nuclear
coupling. The first of these entries (R′)R reflects the equilibrium linear response in
R′ per unit displacement in R, (α)R measures a similar response in the bond-angle
created by this “normalized” perturbation, while (R)α is the linear bond-length read-
justment per unit (1 radian) change in the bond angle. It follows from these purely
geometric entries that in the ground-state of the water molecule an increase in one
bond-length generates a small elongation of the other bond and a decrease in the
bond-angle. The latter coupling effect is also reflected by the negative character of
the (R)α index, which implies a bond shortening following the primary increase in
the bond angle. A comparison between the three methods used in numerical calcula-
tions again indicates that the HF approximation gives a semiquantitative agreement
with predictions from the electron-correlated approaches. Obviously, the same purely
geometrical compliants are generated in the (N, F)-representation of the externally
closed molecule.

As indicated in Table 3 the first two compliants of the (µ, F)-representation
represent the GFF indices of Eq. (60a,b) (see the discussion of Table 2). Consider next
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the effects of the electronic opening, in the same representation, on these equilibrium
responses of geometric parameters to such geometric displacements. The correspon-
ding electronically relaxed compliants of the open molecule are listed in the final three
rows of Table 3, which can be compared with the corresponding responses shown in the
three opening rows of the table. It follows from this comparison of the HF results that
(s′)s,µ > (s′)s , Qs �= Qs′ = R,R′, α. Therefore, in this approximation an elongation
of one bond in response to lengthening of the other bond becomes more emphasized
in the open molecule. Indeed, a reference to Table 2 indicates, that ϕR < 0 and ϕα < 0
imply inflow of electrons δN(�Qs > 0) > 0 from the reservoir, for Qs = R, α,
which starts populating the antibonding MO, thus giving an extra weakening of the
other bond R′ and hence its larger elongation.

Of interests also are the coupling constants reflecting the N−Qs or N−Fs interac-
tions, in the (µ, F)- and (N, F)-representations, respectively. The {(N)s,µ} indices
of the former, satisfactorily reproduced already in the HF theory, show that a test
bond elongation or increase in the bond angle both create an outflows of electrons
from the system to the reservoir, in accordance with the sign of the respective NFF
indices. Clearly, the corresponding {(N)Fs,µ} quantities must exhibit the opposite sign,
since a positive displacement of the bond length (angle) implies a negative shift in the
corresponding force component.

Consider next the (µ)s,N indices defined in the (N, F)-representation (Eq. 65),
which reflect a direct effect of a hypothetical shift in the coordinate Qs of the closed-
system on its chemical potential, when the remaining geometrical degrees-of-freedom
are fully relaxed. As shown in Table 3 both these indices, for Qs = (R, α), are posi-
tive. It should be realized that in DFT the system chemical potential (Fermi-level)
is determined by the highest occupied Kohn–Sham (KS) MO [1,22,23] (HOMO), in
H2O describing the lone electron pairs on oxygen. In the closed system it depends
solely on the system geometry Q. Thus, elongating the chemical bonds implies less
attraction of these non-bonding electrons by the not fully screened hydrogen atoms,
and hence the increase in their orbital energies, which justifies (µ)R,N > 0. Alterna-
tively, an orbital hybridization argument can be put forward to rationalize the positive
character of this quantity. Namely, it should be realized that a more 2s-character in
the bonding hybrids implies lower energy levels of these promoted atomic orbitals,
and hence weaker interaction with the 1s orbitals of hydrogen atoms and hence longer
bonds and larger angles (a displacement from sp3 hybridization towards sp2 scheme).
At the same time this implies less 2s-character of the remaining two non-bonding
hybrids describing the lone electron pairs on oxygen. The latter implies the higher
HOMO level and thus higher chemical potential. To summarize, the longer bonds and
larger angles in water molecule imply an increase in the system chemical potential, as
indeed reflected by the positive values of the (µ)s,N indices in Table 3.

A similar way of reasoning justifies the observed signs of the (s)µ indices (Eq. 64),
for Qs = (R, α) in the same (N, F)-representation. As seen in Table 3, the first,
�N = −1 estimates are both negative, thus implying that in the electron withdrawing
processes, in response to �µres. = �µ < 0, both bond length and angle increase
their equilibrium values. Such an outflow of electrons, from the nonbonding hybrids,
implies a weaker electron repulsion between the lone-“pairs”, and thus their less
2s character, and hence more 2s content in the localized MO describing two OH
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bonds. This further implies longer bonds and larger bond angle, as indeed reflected
by the negative coupling constants. Finally, the small, positive value of (R)µ in the
�N = 1 estimate, corresponding to �µres. = �µ > 0, is similarly explained.
More specifically, such an inflow of electrons starts populating the antibonding MO,
thus weakening (lengthening) the two bonds. Moreover, this electronic displacement
diminishes the original CT between atoms, thus decreasing the repulsion between a
better-screened hydrogens, which should result in decreasing the bond angle.

Turning now to the equilibrium interaction constants of Table 3 involving the forces,
in the (µ, Q)-representation, one first observes that the first two compliants, (Fs)N ,
for Qs = (R, α), represent the NFF of Eq. 60c (see the discussion of Table 2). The final
three indices {(Fs′)Fs,µ} reflect the interaction between forces in the externally open
system. It follows from the first two of these indices that a hypothetical displacement
�FR > 0, giving rise to an elongation of this bond compared to the equilibrium
value, generates �FR′ < 0 and �Fα > 0, thus acting towards shortening the other
bond and increasing the bond angle. These implications agree with the electronically
relaxed force constants R,R′ < 0 and R,α > 0 reported in Table 2 for the same
representation.

7.2 NO2

The electronic-nuclear “force” constants for alternative representations of equilibrium
states in NO2, which exhibits the π -electron system extending throughout the mole-
cule, are reported in Table 4. The associated compliant quantities determining MEC
are listed in Table 5. A general feature of these results is that the magnitude of
the electronic and/or nuclear relaxation and the strength of the electronic-geometric
interaction are much enhanced in NO2 compared to those observed in water molecule.
In many respects the results for these two triatomic (angular) molecules are similar,
but there are also several notable differences, which we shall briefly discuss below. As
before, all the diverse couplings in the externally closed and open system are reflected
in a quite satisfactory manner already within the HF (exchange-only) approximation.
A reference to the hardness and softness data of Table 4 shows that, contrary to the
trend observed in H2O, the correlated calculations predict an increased global softness
of NO2, compared to HF results.

In order to simplify the comparison we shall focus on the HF results. It should be
recalled that in the simplest orbital interpretation of the ground-state configuration
of NO2, with all bonded atoms exhibiting approximately sp2 hybridization in their
respective valence states, the singly occupied HOMO represents the non-bonding com-
bination of 2pπ orbitals on oxygen atoms. Therefore, the addition/removal of electrons
to/from the system affects mainly the oxygen “ligands” of the central, nitrogen atom.

In the generalized Hessian of the (N, Q)-representation one detects the positive
�N = −1 estimate of the NFF index ϕR . It implies that removing an electron from
the molecule, �N < 0, results in decreasing the force component along the bond
length, �FR < 0, which acts towards shortening the N—O bonds. Indeed, removing
the non-bonding π electron effectively reduces the electron accumulation on oxygen
atoms thus inducing an enhanced coordination via the bonding σ and π MO. Another
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Table 4 Same as in Table 2 for NO2

observed difference, compared to water molecule, is the positive value of the force
constant coupling both bond-lengths, HR,R′ > 0, which implies that �R > 0 gene-
rates �FR′ < 0, i.e., a shortening of the other bond. This clearly manifests the effect
of π bonds in the system. Indeed, a smaller participation of the nitrogen 2pπ orbital
in the elongated π bond facilitates its stronger participation in the other π bond.

A similar physical interpretation applies to the positive values of the corresponding
electronically relaxed quantities R and R,R′ of the (µ, Q)-representation. This
difference propagates itself into the remaining representations as well, giving rise to
a relatively high, positive values of the GFF ( R) or the related softness ( R) indices,
and the corresponding compliants coupling the two bonds: GR,R′ and R,R′ .

These differences are also detected in the coupling constants. It follows from
its (R′)R entries that the inclusion of the Coulomb-correlation changes the sign of
this index. This conforms to a similar sign alternation observed in the HR,R′ data.
A reference to geometric softnesses of Table 4 reveals that the perturbation �µres. =
�µ > 0 increses the bond-length. Indeed, such a displacement generates an inflow
of electrons, �N > 0, and hence increased occupation of the HOMO, which should
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Table 5 Same as in Table 3 for NO2, with removed compliant data already reported in Table 4

result in higher negative charges on the terminal (oxygen) atoms, and hence weaker
N → O coordination via both σ and π bonding MO. The next row of compliant data
shows that this primary perturbation decreases the bond angle, as intuitively expec-
ted. These observations are also consistent with the (µ)s,N interactions reported in
Table 5, which reflect the response in the closed system chemical potential per unit
displacement in the system geometrical variables.

Finally, let us summarize the differences relative to H2O detected in the compliants
of the fully relaxed (µ, F)-representation in Table 5. One detects the sign changes in
(N)R,µ and (R′)R,µ indices of the open NO2. It thus follows from these interaction
constants that elongating one bond results in an inflow of electrons to the system and
shortening the other bond.

7.3 H2O2

In Tables 6 and 7 the representative results for hydrogen peroxide are displayed, again
including the generalized Hessians and compliant derivatives. In view of a large num-
ber of couplings between the nuclear parameters only diagonal derivatives of the
geometric block are reported in Table 6. As before, some of the molecular compliants,
representing the geometric or nuclear FF indices and softnesses are reported in Table 6,
while the remaining minimum-energy coupling-constants are shown in Table 7.
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Table 6 Same as in Table 2 for H2O2, with only diagonal geometrical derivatives being reported

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
Repr. Derivative HF MP2 CISD
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(N, Q) HN,N =η 0.468 0.461 0.472

−HN,Q:
1Rϕ = NRF )(

1
0.111, 0.009, 0.060 0.039, 0.026, 0.033 0.073, 0.016, 0.045

2Rϕ = NRF )(
2

−0.036, 0.006, −0.015 −0.030, 0.008, −0.011 −0.031, 0.007, −0.012

ϕα = (Fα)N −0.008, 0.008, 0.000 −0.003, 0.012, 0.005 −0.005, 0.010, 0.003
ϕδ = (Fδ)N −0.052, 0.001, −0.025 −0.042, 0.001, −0.021 −0.047, 0.001, −0.023

HQ,Q = H:
11,RRH 0.442 0.292 0.342

22 ,RRH 0.619 0.524 0.559

αα ,H 0.263 0.219 0.236

δδ ,H 0.010 0.009 0.010
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(µ, Q) −Gµ,µ = S 2.139 2.167 2.120

−Gµ,Q:
1Rs = µ)(

1RF 0.237, 0.019, 0.128 0.084, 0.057, 0.070 0.156, 0.035, 0.095

2Rs = µ)(
2RF −0.076, 0.014, −0.031 −0.065, 0.017, −0.024 −0.066, 0.015, −0.025

sα = (Fα)µ −0.016, 0.016, 0.000 −0.006, 0.027, 0.011 −0.011, 0.022, 0.005
sδ = (Fδ)µ −0.111, 0.003, −0.054 −0.092, 0.002, −0.045 −0.099, 0.002, −0.048

GQ,Q ≡ Hrel:
11,RRG 0.416, 0.442, 0.434 0.288, 0.290, 0.289 0.330, 0.341, 0.337

22 ,RRG 0.616, 0.619, 0.618 0.522, 0.523, 0.523 0.557, 0.559, 0.559

αα ,G 0.263, 0.263, 0.263 0.219, 0.218, 0.218 0.236, 0.236, 0.236

δδ ,G 0.004, 0.010, 0.008 0.005, 0.009, 0.008 0.005, 0.010, 0.009
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(N, F) VN,N ≡ ηrel 0.164, 0.467, 0.394 0.252, 0.458, 0.409 0.228, 0.470, 0.411

VN,F:
1Rf = (R1)N 0.184, 0.014, 0.099 0.026, 0.079, 0.052 0.134, 0.037, 0.086

2Rf = (R2)N −0.041, 0.010, −0.015 −0.041, 0.016, −0.012 −0.037, 0.013, −0.012

f = (α)N 0.100, 0.020, 0.060 0.151, 0.026, 0.089 0.113, 0.027, 0.070
fδ = (δ )N −5.433, 0.089, −2.672 −4.860, 0.057, −2.401 −4.986, 0.071, −2.457

VF,F = G:
11,RRG −2.547 −4.124 −3.386

22 ,RRG −1.617 −1.913 −1.789

αα ,G −4.186 −5.209 −4.733

δδ ,G −110.9 −118.4 −112.3
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(µ, F) −Sµ,µ ≡ Srel 6.095, 2.142, 2.541 3.964, 2.182, 2.447 4.394, 2.126, 2.432

Sµ,F
1R = (R1)µ 1.124, 0.029, 0.251 0.102, 0.171, 0.128 0.590, 0.080, 0.209

2R = (R2)µ −0.250, 0.022, −0.039 −0.164, 0.036, −0.031 −0.163, 0.028, −0.029

α = (α)µ 0.612, 0.043, 0.153 0.599, 0.057, 0.217 0.497, 0.057, 0.170

δ = (δ )µ −33.12, 0.190, −6.789 −19.26, 0.124, −5.877 −21.91, 0.151, −5.976
SF,F ≡Grel:

11,RRS −2.754, −2.547, −2.572 −4.127, −4.138, −4.131 −3.465, −3.389, −3.404

22 ,RRS −1.628, −1.618, −1.618 −1.919, −1.913, −1.913 −1.795, −1.789, −1.789

Sα,α −4.248, −4.187, −4.196 −5.300, −5.211, −5.229 −4.789, −4.735, −4.745
Sδ,δ −290.8, −110.9, −129.0 −212.0, −118.4, −132.5 −221.5, −112.3, −126.9

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
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Table 7 Same as in Table 3 for H2O2, with removed compliant data already reported in Table 6

An inspection of the rigid-geometry hardnesses and softnesses indicates that the HF
estimate compares favourably with predictions from more advanced methods, while
the corresponding geometrically relaxed estimates exhibit large Coulomb-correlation
contributions. This molecule includes the dihedral-angle δ as one of its internal nuclear
coordinates. It follows from the ϕδ = (Fδ)N data that in the electron withdrawing
(�N < 0) process, e.g., during an attack by the electrophilic agent, the response in Fδ

is negative, which implies a decrease in the dihedral angle. This trend is also reflected
by the corresponding GFF. The same entries testify that the the electron donating
(�N > 0) displacement, e.g., in the nucleophilic attack, has comparatively minor

123



J Math Chem (2008) 44:325–364 355

effect on δ. The positive signs of R1 = (R1)N and α = (α)N further testify that
the �N < 0(�N > 0) electronic perturbation decreases (increases) the length of the
central O—O bond and H–O–O angle.

The purely geometric aspect of coupling between nuclear coordinates is reflected by
the first part of Table 7. A comparison between the corresponding predictions from the
three methods used in numerical calculations shows that the MEC-coupling between
bond lengths and angles is strongly influenced by the Coulomb correlation between
electrons. An increase in the central bond length, �R1 > 0, is seen to diminish the
bond angle, (α)R1 < 0, and enlarge the dihedral angle: (δ)R1 > 0. The opposite effect
accompanies a hypothetical lengthening of the peripheral bond, �R2 > 0 : (δ)R2 < 0.
The geometrical �R1 > 0 displacement is seen to exert a moderate positive effect on
the length of the O—H bonds, (R2)R1 > 0, in accordance with (R1)R2 > 0, while
�R2 > 0 has practically no influence on bond angles and the other O—H bond. The
increase in dihedral angle is predicted to lower the bond angle and lengthen the central
bond, with practically vanishing effect on the peripheral bonds.

Of interest also is effect of geometrical perturbations on the exchange of electrons
between the molecule and its environment (reservoir), indexed in the last part of
Table 7. The positive values of the compliant indices (N)R1,µ and (N)α,µ signify an
inflow of electrons following the �R1 > 0 and �α > 0 perturbations. The �R2 > 0
displacement and a test opening of the dihedral angle, �δ > 0, are both predicted
to generate an outflow of electrons from the molecule in the �N = −1 estimate
of the N -derivatives, with much weaker opposite effect being diagnosed within the
�N = +1 estimate. Similar trends are detected in the associated influences of the
peripheral bond length.

Finally, let us examine the influence of the molecular geometry on the closed-system
chemical potential, reflected by the (N, F)-part of Table 7. These entries reflect an
increase in the chemical potential (decrease in electronegativity) due to a lengthening
of the O—H bond and an opening of the dihedral angle. The opposite effect is observed
for the central O—O bond and the H–O–O angle.

7.4 ClF3

This molecule represents another molecular system containing a single dihedral angle
in the list of its internal geometrical coordinates and an overcrowding of valence
electron pairs, both bonding and non-bonding. The simplest localized-MO diagram
for ClF3 predicts two lone electron pairs on the chlorine atom, degenerate in the
ground-state (planar) conformation, marking the HOMO level. These hybrid orbitals
become split, when the system is distorted towards a “pyramidal” arrangement of the
three Cl—F bonds. Therefore, as a result of the electron-withdrawing displacement
�N = −1 the cation ClF+

3 involves one fully occupied and one singly occupied lone
pairs on this central atom, with the identity of the fully occupied orbital changing,
when crossing from δ < 180◦, through δ = 180◦ (orbital degeneracy), to δ > 180◦.
The applied quantum-chemical package does not allow for the fixing the orbital occu-
pations, when crossing the planar conformation, thus generating the vanishing “adia-
batic” compliants reflecting the electron-nuclear coupling, which involve the dihedral
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angle δ (not listed in Tables 8 and 9). Therefore, to estimate the “diabatic” coupling
constants, for the “frozen” orbital occupations, we have determined these interaction
constants for the ground-state of ClF+

3 (non-planar); due to convergence problems a
more extended basis set of the triple-zeta quality has been used in these additional HF
calculations. The cation results are identified by an asterisk in Tables 8 and 9, where
the generalized Hessian data and selected compliance derivatives have been reported,
respectively.

A general impression from inspecting the corresponding entries in Table 8 for the
three methods used in numerical computations reveals a relatively large contributions
due to the electron correlation in this molecular system, although the signs of all
appreciable interaction constants are properly reproduced already at the simplest HF
level. This Coulomb-correlation error is particularly emphasized in the FF and elec-
tronic softness quantities as well as the diagonal elements of the geometric deriva-
tives in each representation, while the global hardness/softness descriptors are seen
to remain somewhat less affected by the Coulomb correlation between electrons. A
strong electron-correlation component is also detected in several compliant descriptors
of Table 9, e.g., in the purely geometric coupling (R′

2)R2 between the two peripheral
Cl—F bonds or the (N)Fα,µ index reflecting the coupling between the external CT
and the bond-angle force component in open system. However, some trends exhibited
by the compliant derivatives can be strongly affected by the way the correlation error
is accounted for. For example, the �N = −1 estimates in the HF and CISD schemes
predict R2 = (R2)N > R1 = (R1)N , while the opposite inequality relates these
structural responses within the MP2 calculations.

A reference to the adiabatic (Hδ,δ) and diabatic (H ∗
δ,δ) estimates of the force

constant for the dihedral angle in Table 8 reveals that in cation this geometric
coordinate appears less “stiff”: Hδ,δ > H ∗

δ,δ . The same trend is seen in the relaxed
moduli δ,δ > ∗

δ,δ .This conclusion also follows from examining the corresponding
nuclear-softness moduli: −Gδ,δ < −G∗

δ,δ and − δ,δ < − ∗
δ,δ . Of particular interest

is the diabatic (fixed-occupation) coupling between the dihedral angle and the elec-
tronic degrees-of-freedom, which vanishes in the adiabatic approximation. In Table 8
the positive values of the NFF index ϕ∗

δ = (Fδ)N∗ and the GFF index ∗
δ = (δ)N∗ ,

predicted for ClF+
3 (non-planar, δ < 180◦), indeed imply that an electron inflow to this

system “pushes” the system towards the planar structure of the neutral molecule. The
opposite, electron-outflow displacement of ClF3 also explains the pyramidal deforma-
tion of the cation. It also follows from Table 9 that an increase in δ generates an inflow
of electrons to the open ClF+

3 , (N)δ,µ∗ > 0, thus independently confirming the planar
preference of the neutral system. This displacement also raises the (negative) level of
the closed-system chemical potential.

Finally, let us examine selected, purely geometrical MEC collected in the first part
of Table 9. In all three quantum-chemical methods used in numerical calculations
increase in the bond length of the central Cl—F bond shortens two peripheral bonds
and decreases the bond angles: (R2)R1 < 0 and (α)R1 < 0. Elongating the peripheral
bond is also seen to be accompanied by a moderating shortening of the two remaining
chemical bonds, (R′

2)R2 < 0 and (R1)R2 < 0, while different responses in the adjacent
(α) and opposite (α′) bond angles are diagnosed: (α)R2 < 0 and (α′)R2 > 0. An
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Table 8 Same as in Table 6 for ClF3

The asterisk identifies the “diabatic” estimate for ClF+
3
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Table 9 Same as in Table 7 for ClF3

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
Repr. Derivative HF MP2 CISD
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

F
1

)( 2 RR −0.078 −0.102 −0.083

1
)( Rα −0.091 −0.095 −0.093

2
)( 1 RR −0.046 −0.074 −0.056

2
)'( 2 RR −0.201 −0.030 −0.136

2
)( Rα −0.063 −0.014 −0.047

2
)'( Rα 0.091 0.071 0.081

(R1)α −0.125 −0.135 −0.132
(R2)α −0.144 −0.027 −0.098
(R2’)α 0.209 0.141 0.168
(α’)α −0.162 −0.086 −0.138

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(µ, Q) µ,
1

)(
RFN −0.185, −2.187, −0.893 −0.653, −2.454, −1.352 −0.217, −2.242, −0.958

µ,
2

)(
RFN −0.580, −0.560, −0.570 −0.545, −0.560, −0.552 −0.539, −0.548, −0.543

µα ,)( FN 0.009, −0.177, −0.083 0.194, −0.227, −0.016 0.036, −0.198, −0.080

µδ ,)( FN * −2.553, −2.422, −2.487 −2.135, −3.239,−2.630, −2.287, −2.668, −2.470
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(N, F) NR ,1
)(µ −0.133 −0.120 −0.117

NR ,2
)(µ −0.044 −0.032 −0.040

(µ)α,N −0.004 0.010 −0.002
(µ)δ,N * −0.148 −0.103 −0.122

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

(µ, F) µ,1
)( RN 0.056, 0.553, 0.301 0.168, 0.438, 0.298 0.059, 0.496, 0.274

µ,2
)( RN 0.110, 0.133, 0.109 0.088, 0.107, 0.092 0.101, 0.123, 0.102

(N)α,µ −0.005, 0.035, 0.010 −0.085, 0.043, −0.030 −0.017, 0.037, 0.004
(N)δ,µ * 0.419, 0.428, 0.423 0.291, 0.393, 0.332, 0.342, 0.399, 0.365

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

The asterisk identifies the “diabatic” estimate for ClF+
3

increase in the bond angle is accompanied by a shortening of the adjacent peripheral
and central bonds, (R1)α < 0 and (R2)α < 0, an elongation of the other peripheral
bond, (R′

2)α > 0, and a decrease in the other bond angle: (α′)α < 0.

7.5 NH2CHO

Formamide exhibits a variety of dihedral angles determining the out-of-plane ben-
ding of the three hydrogen atoms (see Fig. 1). A reference to Table 1 shows that the
HF method favours the planar structure, while the electron-correlated approaches
gives rise to a slightly non-planar arrangement of protons relative to the reference
(NCO) plane. This difference is also reflected in Table 10, where the most appre-
ciable elements of the generalized electronic-nuclear Hessians are reported, by the
exactly vanishing geometric softness and GFF indices for all dihedral angles in HF
approximation. Again, the three methods generate quite close estimates of the global
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Table 10 Same as in Table 2 for formamide, with the removed diagonal blocks of geometric derivatives
and elements of the off-diagonal row, the magnitudes of which, in all estimates, are below the assumed
threshold value ε = 0.03

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
Repr. Derivative HF MP2 CISD
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(N, Q) HN,N =η 0.360 0.414 0.392

−HN,Q:
1Rϕ = NRF )(

1
0.061, −0.013, 0.024 0.053, −0.012, 0.020 0.055, −0.013, 0.021

2Rϕ =
NRF )(

2
−0.093, 0.023, −0.035 −0.052, 0.019, −0.017 −0.072, 0.021, −0.025

2αϕ =
NF )(

2α −0.035, −0.002, −0.019 −0.033, −0.001, −0.017 −0.033, −0.002, −0.017
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(µ, Q) −Gµ,µ = S 2.779 2.418 2.549

−Gµ,Q:
1Rs = µ)(

1RF 0.171, −0.037, 0.067 0.127, −0.029, 0.049 0.139, −0.033, 0.053

2Rs = µ)(
2RF −0.260, 0.063, −0.099 −0.127, 0.046, −0.040 −0.182, 0.053, −0.065

1αs = µα )(
1

F −0.026, 0.015, −0.005 −0.030, 0.020, −0.005 −0.032, 0.018, −0.007

2αs = µα )(
2

F −0.098, −0.006, −0.052 −0.080, −0.002, −0.041 −0.085, −0.004, −0.044
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(N, F) VN,N ≡ ηrel 0.333, 0.359, 0.355 0.388, 0.412, 0.409 0.362, 0.391, 0.387

VN,F:
1Rf = (R1)N 0.153, −0.033, 0.060 0.181, −0.036, 0.072 0.194, −0.039, 0.077

2Rf = (R2)N −0.121, 0.026, −0.048 −0.095, 0.026, −0.034 −0.113, 0.027, −0.043

2αf = (α2)N −0.146, −0.006, −0.076 −0.136, −0.007, −0.071 −0.131, −0.007, −0.069

3αf = (α3)N −0.042, 0.014, −0.014 −0.192, 0.037, −0.078 −0.217, 0.038, −0.089

4αf = (α4)N 0.032, 0.005, 0.019 −0.115, 0.021, −0.047 −0.145, 0.025, −0.060

1δf = (δ1)N 0.000, 0.000, 0.000 0.124, −0.012, 0.056 0.223, −0.024, 0.099

2δf = (δ2)N 0.000, 0.000, 0.000 0.699, −0.053, 0.323 1.343, −0.136, 0.604

3δf = (δ3)N 0.000, 0.000, 0.000 0.862, −0.097, 0.382 1.639, −0.186, 0.727
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
(µ, F) −Sµ,µ ≡ Srel 3.000, 2.789, 2.815 2.577, 2.427, 2.446 2.766, 2.559, 2.585

Sµ,F
1R = (R1)µ 0.458, −0.092, 0.169 0.466, −0.089, 0.176 0.535, −0.099, 0.200

2R = (R2)µ −0.364, 0.072, −0.134 −0.245, 0.064, −0.084 −0.313, 0.068, −0.112

3R = (R3)µ 0.063, −0.023, 0.018 0.040, −0.019, 0.009 0.037, −0.020, 0.007

4R = (R4)µ −0.038, −0.001, −0.018 −0.002, 0.006, 0.002 0.001, 0.001, 0.001

5R = (R5)µ −0.047, 0.041, −0.001 −0.004, 0.050, 0.023 0.000, 0.041, 0.021

1α = (α1)µ 0.048, 0.043, 0.044 0.003, 0.057, 0.031 0.000, 0.052, 0.026

2α = (α2)µ −0.437, −0.017, −0.214 −0.350, −0.017, −0.174 −0.362, −0.019, −0.179

3α = (α3)µ −0.125, 0.040, −0.038 −0.496, 0.090, −0.190 −0.601, 0.098, −0.231

4α = (α4)µ 0.097, 0.014, 0.053 −0.297, 0.052, −0.115 −0.401, 0.064, −0.155

1δ = (δ1)µ 0.000, 0.000, 0.000 0.319, −0.029, 0.137 0.616, −0.061, 0.257

2δ = (δ2)µ 0.000, 0.000, 0.000 1.802, −0.129, 0.790 3.715, −0.347, 1.561

3δ = (δ3)µ 0.000, 0.000, 0.000 2.221, −0.236, 0.935 4.532, −0.475, 1.879
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
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hardness and softness, both in the geometrically rigid and relaxed representations.
Examining the remaining GFF data also reveals that these three levels of treating the
Coulomb correlation give rise to a generally consistent signs of geometrical responses
per unit inflow of electrons from the reservoir (environment). For example, within
the �N = −1 estimate of NFF all three methods predict simultaneous lengthening
of N—C bond and shortening of C—O bond, and an accompanying decreases in
NCHf and CNHc bond angles in such an electronic displacement. For such (electron-
donating) NFF measure the HF and correlated theories are seen to predict different
response in the CNHt angle. The same physical interpretation follows from the corres-
ponding geometric softnesses of the (µ, F)-representation in Table 10, since raising
the chemical-potential level of the system reservoir generates the electron inflow to
the open molecule. The additional softnesses in the (µ, F)-representation, compared
to the GFF entries reported for the (N, F)-representation, reveal that this increase in
the number of electrons generates, for the NFF from �N = −1, a lengthening of
C—Hf bond and a shortening of two N—H bonds, as well as an increase in NCO
angle. These structural responses agree with the predicted responses in geometrical
forces, which follow a given electronic displacement in the closed and open molecular
systems. They are measured by the NFF ϕ and geometric softnesses of the (N, Q)-
and (µ, Q)-representations, respectively.

It follows from Table 11 that an elongation of the central N—C bond in the
externally closed formamide lowers its chemical potential. Indeed, the simple MO
diagram for formamide suggests that the doubly occupied HOMO represents the non-
bonding π orbital, which roughly consists of the antibonding combination of the 2pπ

atomic orbitals on the nitrogen and oxygen atoms. Thus, lengthening the central
bond diminishes this antibinding effect, thus lowering the HOMO level, which marks
the system chemical potential. The most important, electron-correlated {(N)s,µ}-
compliants reported in the table reveal, e.g., that for the �N = −1 estimate of NFF
a lengthening of the central bond and an increase in the dihedral angle of the formyl
hydrogen generate an inflow of electrons from the system environment, while the
outflow of electrons is predicted, when HcNC bond-angle is increased.

Finally, let us briefly examine the most important, purely geometric compliant data
in Table 11 for the F-representation. They again reveal the planar-preference in the
HF approximation, as witnessed by the vanishing compliants coupling the dihedral
angles with the remaining geometrical coordinates. A comparison between quantum-
chemical predictions of the MEC reflecting couplings between bond-angles and dis-
tances reveals a strong electron-correlation component in (α3)R1 and (R1)α3 indices
and in practically all couplings between dihedral angles, especially those determining
the positions of Hf hydrogen of the CHO group, and the Ht or Hc atoms in the NH2
group. These results indicate that an out-of-plane bending in one group generates the
strong out-of-plane geometrical response in the other group. These couplings are seen
to exhibit relatively strong differences between predictions resulting from the two
electron-correlated methods. The opening of the in-plane bond angles is also seen
to generate the non-planar distorsion of the molecule, as indeed expected from an
accompanying displacement in the heave-atom hybridizations, from sp2 towards sp3.
A similar geometry relaxation accompanies a lengthening of the central bond, which
is seen to diminish the HcNC angle.

123



J Math Chem (2008) 44:325–364 361

Table 11 The most important compliants for formamide

The derivative quantities the magnitudes of which, in all estimates, are below the assumed threshold value
ε = 0.03 have been removed (see Table 10 for the NFF, GFF, and geometric softness data)
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8 Conclusion

All chemical or conformational changes involve both nuclear displacements and the
concomitant electron redistributions. By the Hohenberg–Kohn theorem of DFT the
non-degenerate ground-state electron density of a molecule is in one-to-one corres-
pondence with the underlying external potential due to the system nuclei. In a given
stage of the system displacement, depending on what is considered as “perturbation”
and what as the equilibrium “response” to it, the EF or the EP approaches can be
adopted. In this work, we have determined numerical values of alternative quantities
describing molecular responses to both electronic and nuclear perturbations, within
the Legendre-transformed representations defining the EP and EF perspectives on
molecular structure. Basic derivative quantities and relations have been summarized
for both the externally closed and open molecular systems. The so called geometri-
cal representation, in which the nuclear coordinates Q replace the external potential
v(r; Q) due to nuclei in the list of the system state-parameters, has been used to deter-
mine the molecular compliants, which explicitly take into account a subtle coupling
between the ground-state electron distribution and the system geometry within the
Born–Oppenheimer approximation. Specific quantities reflecting the interaction bet-
ween the geometrical and electronic structures of molecular systems, and components
of the MEC have been generated for representative polyatomic molecules.

The relaxed (compliance) quantities of both the electronic and/or nuclear origin
measure the generalized “softnesses” of molecules, which complement the correspon-
ding “hardness” data. Indeed, the electronic softness (electronically relaxed, defined
for the rigid-geometry Q of an open system) and the purely nuclear compliants (geo-
metrically relaxed, defined for closed systems, at constant N ) are examples of such
complementary quantities to the more familiar electronic hardness and the nuclear
force constant descriptors, respectively. This decoupled treatment neglects the mutual
interaction between the electronic (N) and nuclear ( Q) degrees-of-freedom or their
partial energy conjugates, the electronic chemical potential µ, attributed to an external
electron reservoir, and the forces F acting on the system nuclei, respectively.

This coupling between the electronic and geometrical structures of molecular sys-
tems is embodied in the potential energy surface of the adiabatic approximation. In the
present development both the molecular compliants reflecting the electronic and/or
nuclear adjustments have been determined in the coupled treatment of the generalized
linear responses of molecular systems, which simultaneously admits the electronic and
nuclear relaxation of a molecule. In the principal (N, Q)-representation this interac-
tion is measured by the NFF. Together with the electronic hardness and geometric
Hessian it defines the generalized matrix of the system electronic-nuclear “force”
constants, by the partial or total inversion of which all the molecular compliance data
are determined. Such a coupled description of these complementary aspects of the
molecular structure forms the complete treatment of the adiabatic linear responses in
molecules, which address alternative scenarios in the theory of chemical reactivity.
For example, the MEC reflecting the electronic-nuclear interaction provide a semi-
quantitative measure of responses in quantities describing one aspect of the molecular
structure, per unit displacement in quantities describing the other aspect. In the present
numerical calculations the N -derivatives have been estimated by the finite differences,
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while the Q-derivatives have been calculated analytically by standard MO methods of
quantum chemistry.

We have examined this electronic-nuclear interaction in some detail by comparing
the corresponding rigid and relaxed hardness/softness and FF data. Among others,
these compliants reflect the influence of the nuclear relaxation on the system electro-
nic hardnesses and softnesses, and the effect of the electronic relaxation on the nuclear
force constants and vibration compliance descriptors. Of particular importance are the
components of MEC, which provide the ground-state “matching” relations between
the hypothetical perturbations of molecular systems and their conjugated equilibrium
responses. This should allow one to diagnose the electronic and/or nuclear perturba-
tion, which is the most efficient in facilitating the chemical reaction or conformational
change of interest. Such applications of this coupled electronic-nuclear treatment of
reactants will be the subject of future investigations.
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